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Magnetic cylindrical nanowires are promising candidates for future three-dimensional nanotechnology.
Domain walls (DWs) in magnetic nanowires play the role of information carriers, and the development of
applications requires proper description of their dynamics. Here we perform a detailed analytical and numerical
analysis of the DW motion along a bent magnetic nanowire under the action of tangential magnetic fields. Our
results show that the DW velocity, precession, and oscillation frequencies can be controlled by the interplay
between the curvature and the external magnetic field. Small magnetic fields induce a DW motion without
precession and oscillatory behavior, while higher magnetic fields yield a Walker breakdown regime, in which an
oscillatory forward and backward DW motion is observed. Controlled DW motion under the Walker breakdown
regime makes magnetic nanowires potential candidates for nanoscale microwave generation and sensing.
DOI: 10.1103/PhysRevB.101.184418
I. INTRODUCTION
Magnetic cylindrical nanowires (NWs) hold important
promises for future three-dimensional (3D) nanotechnologies
such as the nanoscale Internet of Things [1–3], a 3D com-
plex platform of multiphysics interconnected devices [4] with
different functionalities for information processing, commu-
nication, and sensing. The importance of magnetic nanowires
for these technologies comes from the fact that they can
respond to many external stimuli such as electrical, magnetic,
thermal, and stress excitations. Consequently, by changing
their composition or geometries, they can be functionalized
for different components in such hypothetical devices. A large
number of possibilities opens the door for the use of magnetic
nanowires as different components of nanoscale devices. In
this line, we propose that bent cylindrical magnetic nanowires
can be engineered for nanoscale communication technologies,
similar to spin-torque nano-oscillators [5–9]. This statement is
based on the fact that when a domain wall moves under the ac-
tion of a magnetic field or electric current in these nanowires,
it oscillates around and along the wire axis [10–12], and the
frequency can be controlled by the nanowire geometry and
external magnetic field.
In magnetic nanowires, domain walls (DWs) play the role
of information carriers. Depending on material parameters
and geometrical constraints of the nanowire, the DW can be
of the transverse or vortex (Bloch point) type [13–15]. Here
we will work with the first type, which appear in cylindrical
nanowires of diameters 20 nm and relatively low saturation
magnetization such as in permalloy (FeNi).
The cylindrical geometry of nanowires plays an important
role. First and importantly, for technological applications,
it has been predicted that domain walls in straight cylin-
drical nanowires do not suffer from the so-called Walker
breakdown phenomenon with a sudden drop in velocity due
to internal instabilities, which happens in magnetic stripes
[16–18]. Indeed, Yan et al. [19] showed that the DW motion
along a straight magnetic nanowire with a cylindrical cross
section does not present the oscillation associated with the
Walker breakdown and the DW velocity varies linearly as a
function of the magnetic field even for high magnetic fields.
Furthermore, the changes in the geometry of magnetic nanos-
tructures lead to curvature-induced Dzyaloshinskii-Moriya
interactions (DMIs) [20,21], and thus, cylindrical nanowires
are intrinsically magnetochiral systems [22]. Indeed, due to
this curvature-induced DMI, intriguing geometrical effects
were reported [23–27]. In the case of magnetic nanowires, it
was shown that this effective DMI yields a DW pinning at the
maximum of the curvature [28], and the average velocity of
the DW increases as a function of the curvature [12].
Unfortunately, the presence of bends in cylindrical
nanowires introduces back the Walker breakdown for the DW
motion [12]. This fact, however, may be useful since, at quite
low applied fields, the DW performs an oscillatory motion
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FIG. 1. (a) Sketch of the adopted coordinate system. (b) The DW
configuration in a bent nanowire and the magnetic field direction.
with large amplitude along the nanowire, together with the
precession around its axis. Similar behavior was described
in a theoretical analysis of the DW motion along a helical
nanowire induced by an electrical current [29]. This fact, to
our mind, opens the possibility to generate an alternating
magnetic field for microwave generation and sensing com-
munications at the nanoscale. Since the oscillatory motion
appears after the Walker breakdown, in this work, we look
for its appearance. Namely, we consider the geometry of the
azimuthal magnetic field in bent cylindrical nanowires, in
analogy to straight nanostripes, where the field acts along the
nanowire axis. Experimentally, this field can be generated by
an electric current passing through the center of curvature of
the nanowire.
Due to the above-described promises, the study of the in-
fluence of the curvature on the DW motion in bent cylindrical
nanowires becomes very relevant. Therefore, in this work, we
perform a detailed analysis of the DW dynamics along bent
nanowires described as toroidal sections. Through analytical
and numerical calculations, we investigate the DW motion
in terms of position, phase, and velocity in bent nanowires
with different curvatures and under magnetic fields. The main
results suggest that the periodic motion of the DW, charac-
terizing a Walker regime, appears when the magnetic field
intensity is above a small critical value. This critical value of
the magnetic field depends on the curvature of the nanowire.
Above the Walker field, the oscillatory motion of the DW,
which can be controlled by external parameters, appears.
II. THEORETICAL MODEL
In our model, we consider a bent cylindrical nanowire,
described as a toroidal section with length L, internal and
external radii R and r, respectively, and toroidal and poloidal
angles denoted by θ and ϕ (see Fig. 1). In this frame, the re-
lation among the wire length, external radius, and the toroidal
angle is given by L = 2θ0R. Therefore, R = L/2θ0, and then
a straight wire can be obtained in the limit θ0 → 0, while the
largest curvature, described as a half-torus section, is given
by θ0 = π/2. For further analysis, we also define the NW
curvature as K = R−1.
The dynamics of a DW displacing along the bent wire will
be described by the Landau-Lifshitz-Gilbert (LLG) equation
∂m
∂τ
= m × δε
δm
+ αm × ∂m
∂τ
, (1)
where m = M/Ms is the normalized magnetization vector
field, Ms is the saturation magnetization, and τ = (γ0Ms)t and
ε = E/(μ0M2s ) are the dimensionless time and normalized
energy, respectively. μ0 is the magnetic permeability, α is
the dimensionless Gilbert damping parameter, and γ0 = μ0|γ |
is the gyromagnetic factor (γ = −1.76×1011 rad/Ts). The
magnetization m will be parametrized in terms of spheri-
cal coordinates lying on a curvilinear basis in the form of
m = cos eθ + sin  cos er + sin  sin ez, where the di-
rectional vectors (er, eθ , ez) are related to the toroidal coordi-
nate system presented in Fig. 1. This parametrization in terms

















Aiming to obtain the energetics and dynamics of a DW dis-
placing along a nanowire, we propose that the magnetization
profile of a head-to-head DW can be described by an ansatz
using the collective-variables approach [12], in the form




Rθ − q(τ )

)]
, (τ ) = φ(τ ),
(4)
where q and φ represent the canonical conjugated pair of
collective variables, i.e., the position and phase of the DW
center. Additionally,  determines the DW width, which will
be assumed to be constant and independent of the DW phase.
Indeed, we have performed micromagnetic simulations to cal-
culate the DW width as a function of φ, and we have observed
that despite the DW width being a slave variable of the DW
phase [ ≡ (φ)] and the curvature inducing a dependence
of  on φ, this change is less than 3%. Moreover, although the
magnetic field strength can change the DW width, performed
micromagnetic simulations have shown that this change does
not produce significant qualitative or quantitative changes
in the DW dynamics, as also observed in previous works
[28–30]. In this context, the approximation of a rigid domain
wall is valid, and a generalized DW model [31], in which the
DW width can change, will produce small differences com-
pared to our results. Additionally, it is worth noting that we are
interested in describing the DW dynamics when it displaces
far from the wire borders. Therefore, because  L, near
the wire ends, the magnetization configuration consists of a
quasitangential configuration, and therefore, cos  ≈ ±1 at
θ = ±θ0. From these assumptions, the dynamics of the DW















where the dot represents the derivative in relation to τ , S =
πr2 is the area of the circular cross section of the wire, and ε
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is the DW energy. This energy can be obtained by adding the
three contributions to the magnetic energy, that is,
ε = S R
∫ θ0
−θ0
[ξx + ξd + ξz]dθ, (7)
where ξx, ξd , and ξz are, respectively, exchange, dipolar, and
Zeeman energy densities.
The exchange energy density normalized to M2s is formally
defined as ξx = 2(∇m)2, where  =
√
A/(μ0M2s ), A is the
exchange stiffness, and the gradient operator is given in terms
of the curvilinear basis. In this context, the exchange energy


















The dipolar energy density can be written as an easy-
tangential anisotropy term, in the form
ξd = −λ cos2 , (9)
where λ > 0 represents an easy-tangential anisotropy con-
stant coming from magnetostatic contributions. It is worth
noting that since we are considering thin magnetic wires
(r  , R, L), the dependence of λ on θ and φ can be ne-
glected, and then, the demagnetizing factor of the bent wire
can be given by the same value calculated for a cylindrical
nanowire, i.e., λ = 1/4 [32–34].
Finally, since we are considering that the applied mag-
netic field is pointing along the azimuthal direction, that is,





III. RESULTS AND DISCUSSION
The integration of the three terms accounting for the total
energy density can be the performed, and the results for ex-
change and dipolar interactions were previously obtained (see
Eqs. (A1) and (A2) of Ref. [12]). Additionally, the Zeeman
energy is evaluated as
Ez = −H S
[
L −  ln
(
1 + e −2q+L
1 + e −2q−L
)]
. (11)
The analysis of the energy terms reveals that only the
exchange energy presents a dependence on the DW phase in
such a way that the minimum exchange energy is obtained
for φ = π , and its maximum value is obtained for φ = 0.
This result evidences the existence of a curvature-induced DW
phase selection [12,27,28]; that is, a head-to-head DW has
minimum energy when it is pointing out of the bent.
In our calculations we consider a permalloy wire whose
exchange constant is A = 1.3×10−11 J/m, μ0Ms = 1T,  =
30 nm (a typical value for a permalloy nanowire with a diam-
eter of 20 nm), and we fix the damping constant as α = 0.01.
Simplified analytical expressions can be obtained for a bent
nanowire with a small curvature, neglecting the terms of the
order of K2 in the energy calculations. In this context, we will
assume that   L and that the DW is displacing far from
the border of the nanowire, that is, q  L/10. In this case, we
obtained simplified expressions for energy contributions, i.e.,
Ex ≈ 2π2 S K cos φ, (12)
Ed ≈ −λV, (13)
and
Ez ≈ −2H S q. (14)
In this case Eqs. (5) and (6) can be simplified to
φ̇ = a + b sin φ (15)
and
q̇ = α a − 
α
b sin φ, (16)
where a = H/(1 + α2) and b = α π 2K/[(1 + α2)]. The
above equations form a dynamical system. It is clear that there
are no stationary points except in the case a = 0, i.e., in the
absence of external field. Importantly, Eq. (15) can be easily
integrated to get solutions































In the above equations, φ1 and φ2 are the solutions for the
cases a > b and a < b, respectively. The DW position can
be promptly obtained by substituting the above solutions in
Eq. (16) and performing the integration in t . Nevertheless,
the obtained equation is cumbersome, and it will be omit-
ted here. The analysis of Eqs. (17) reveals that for a > b,
the DW presents a precessional motion with frequency ω =√
a2 − b2/2. Therefore, the frequency of the DW precession
depends on both the magnetic field and curvature. That is,
diminishing curvature induces an increase in the frequency of
the precession motion of the DW. On the other hand, if a <
b, the DW phase asymptotically goes to φ0 = arcsin(−a/b)
and q =  a(1 + α2)t/α, and then due to the interplay be-
tween curvature and magnetic field, the DW moves along
the nanowire without precession, and its velocity is linearly
proportional to the magnetic field strength. In this context, the
main aspects of the behavior of the DW phase and position
can be observed in Fig. 2, where we present the DW phase
and position as a function of time for the curvature K =
5×10−3 m−1 and for different magnetic fields. The analysis
of Fig. 2(a) reveals the dependence of the DW precession
frequency on the magnetic field. That is, higher magnetic
fields induce precessional motions with higher frequencies.
This behavior is evidenced in the DW translational motion,
presented in Fig. 2(b), where the interplay between torques
induced by curvature and magnetic field produce a nonmono-
tonic behavior for the DW velocity. The critical field value
between the translational and oscillatory regimes is defined by
Hcr = απ 2 K/. This finding is very interesting because in
the regime of small curvatures there is a Walker field linearly
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FIG. 2. (a) The DW phase as a function of the time for different
magnetic fields. (b) The DW position for the same values of the
magnetic field. In both plots, we have adopted K = 5×10−3 m−1.
proportional to the curvature. This result can be promptly
compared with current-induced motion of DWs in helicoidal
nanowires. Indeed, in Ref. [29] the authors show that in the
limit of small curvatures, there is a critical current for which
the Walker breakdown occurs. The velocity associated with
this critical current density is uc ∝ αK . The appearance of
the Walker limit when the DW propagates along a bent wire
is associated with curvature-induced anisotropy [35], which
induces a preferential direction to the DW phase, generating a
curvature-induced phase selection for the DW [28]. Finally,
for b = 0 (corresponding to a straight wire), Eq. (17) is
simplified to φ = γ a t , according to the expected DW rotation
when it is displacing along a straight wire [19].
Next, we perform a complete analysis of the DW po-
sition and phase as a function of the nanowire curvature
and magnetic field based on Eqs. (5) and (6). We start by
analyzing a nanowire of L = 1000 nm with two curvatures,
K = π×10 6 m−1 (corresponding to φ0 = π/2) and K =
π/6×10 6 m−1 (φ0 = π/12), subject to an external azimuthal
magnetic field of H = 3 mT. The main results are presented
in Fig. 3, where we notice that in the two analyzed cases, the
DW motion occurs in the Walker regime, that is, presents an
oscillatory motion along the wire length. The oscillations of
both DW position and phase occurring for higher curvatures
lead to larger average DW velocity. Regarding results for a
constant (linear) magnetic field published in Ref. [12], we can
assert that higher DW velocities are obtained when applying
an Oersted field.
The influence of curvature in the DW dynamics for bent
nanowires is shown in Fig. 4, where the DW position under
the action of a 2-mT azimuthal magnetic field is represented.
Specifically, we study three different curvatures: 2π×106 m−1
FIG. 3. (a) The DW position and (b) phase as a function of time
under an azimuthal magnetic field of 3 mT for nanowire of L =
1000 nm with two curvature values, K = π×10 6 m−1(φ0 = π/2)
and K = π/6×10 6 m−1 (φ0 = π/12).
[Figs. 4(a) and 4(d)], π×106 m−1 [Figs. 4(b) and 4(e)], and
5π×105 m−1 [Figs. 4(c) and 4(f)]. Under the condition of
a half-torus geometry, L = π/K , the lengths corresponding
to each case are L = 500 nm, L = 1 μm, and L = 2 μm,
respectively, which must be taken into account to understand
when the domain wall exits from the end of the nanowire.
Results clearly confirm that the higher the curvature is, the
higher the DW average velocity is. Furthermore, an excit-
ing result from Fig. 4 is the possibility of controlling DW
oscillations along the nanowire axis in terms of curvature.
Due to the increase in the exchange energy when the DW
is pointing along the internal region of the bent, there is
a fast dynamics in its phase in order to bring it back to
φ = π (pointing outward the bent), resulting in DW oscillating
behavior around NW. The analysis of Figs. 4(d)–4(f) reveals
that the DW phase dynamics has a small dependence on the
wire length (and, consequently, on its curvature). Indeed, it
can be observed that in all cases, after 5 ns, the DW phase is
≈ −π/2, and thus, the curvature has a small influence on the
DW phase precession period. Finally, one can observe that for
the nanowire with L = 500 nm (curvature 2π×106 m−1), the
DW does not present the oscillatory behavior observed in
the other two cases. This result occurs because, in this case,
the DW did not have sufficient time to change its phase from
zero to π before the arrival at the nanowire border.
The influence of the magnetic field strength on the DW mo-
tion is presented in Fig. 5 for a nanowire with length L = 2000
nm (K = 5π×105 m−1). Again, starting from H = 1.5 mT
both DW position and phase oscillate. It can be observed
that the frequency of the DW precession strongly depends
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FIG. 4. The DW position as a function of time for nanowires with curvatures (a) 2π×10 6 m−1, (b) π×10 6 m−1, and (c) 5π×10 5 m−1
under the action of a magnetic field of 2 mT. The DW phase as a function of time for curvatures (d) 2π×10 6 m−1, (e) π×10 6 m−1, and (f)
5π×10 5 m−1.
on the magnetic field and can be controlled by small fields.
Generally, stronger magnetic fields produce higher torques
on the DW, and then the DW precesses faster. It can also be
noticed that for magnetic fields above 1.5 mT, the smaller the
magnetic field is, the faster the DW propagation is. However,
by comparing the DW positions for H = 0.5 mT and H =
1.5 mT, we can observe that this dependence is the opposite;
that is, the DW is faster in the latter case. This fact evidences
the existence of a Walker breakdown phenomenon for the DW
dynamics when it is displaced along a bent wire.
Applications using the DW motion along bent nanowires
demand a complete understanding of the frequency and am-
plitude of the DW oscillation. Indeed, during the domain wall
motion, the stray field in a fixed location in proximity to the
nanostructure surface will either increase or decrease, generat-
ing an electromotive force. The stray field generated by a DW
depends on the distance from the nanowire. It was shown that
the stray field generated by a domain wall displacing along
straight nanowires is on the order of 105 A/m and decays
to approximately 1 A/m at a distance of 150 nm [36]. Be-
cause the frequency of precession and oscillation of the DW
propagating along a bent nanowire are the same, the previous
results allow us to state that the curvature of the nanowire does
not influence the oscillation frequency of the DW motion. In
this context, we have analyzed the effects of the magnetic
field strength and wire curvature on the amplitude of the DW
oscillations and the influence of the magnetic field on the
oscillation frequency. In Fig. 6(a), we show the amplitude of
the DW oscillation as a function of the curvature for different
values of the magnetic field. We can notice that due to the
competition between the torques produced by the exchange-
driven curvature-induced anisotropy and the magnetic field,
the amplitude of the DW oscillatory motion depends on both.
Indeed, because the torque produced by the magnetic field
induces a faster precession motion, the amplitude of the
DW oscillations decreases when the magnetic field increases.
On the other hand, the increase in the curvature leads to
an increase in the amplitude of the oscillations. This result
occurs because the curvature-induced anisotropy generates
an extra torque, and the domain wall displaces longer dis-
tances before performing a complete precession. For straight
nanowires, the amplitude of the oscillations is zero, and the
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FIG. 5. (a)–(d) The DW position and phase for μH = 0.5, 1.5, 2.0, and 3.0 mT, respectively.
DW does not present the Walker behavior during its motion,
as it should be [19]. In Fig. 6(b), we show the oscillation
frequency as a function of the magnetic field, where one can
note that the oscillatory frequency varies linearly with the
magnetic field.
We also performed calculations of the average velocity
as a function of the magnetic field for different curvatures,
shown in Fig. 7. The average velocity is defined as 〈v〉 = d/t ,
where d is the distance covered by the DW in t = 5 ns, which
is a proper time because, at this time, domain walls do not
escape from the nanowire in any of the studied cases. The
NW curvature strongly influences the average DW velocity,
and more curved nanowires present larger velocities. The
dependence on the magnetic field is highly nonlinear, and
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FIG. 6. (a) The influence of magnetic field and curvature on
the amplitude of the oscillations of the DW propagating along a
bent nanowire. (b) The behavior of the oscillation frequency as
a function of the magnetic field for a nanowire with curvature
K = π × 106 m−1.
the presence of the Walker breakdown is evident. A small
magnetic field can control its occurrence. Compared to the
case of a constant nonazimuthal field considered in Ref. [12],
the effect of curvature on the velocity is accentuated.
IV. CONCLUSIONS
In conclusion, bent magnetic cylindrical nanowires can
present oscillatory behavior of domain wall dynamics, con-
trolled by an external magnetic field. While in cylindrical
straight nanowires a DW rotates around the axis only by the
action of a constant magnetic field, the oscillations along
the axis appear in bent nanowires due to the effect of the
exchange interaction. Consequently, the Walker breakdown
phenomenon is recovered. With aim of determining when
this situation is happening, in this paper we have analyzed
the domain wall dynamics in bent wires, with a half-torus
FIG. 7. DW average velocity as a function of the external mag-
netic field for different curvatures.
geometry, under the action of an azimuthal magnetic field. The
obtained analytical results for nanowires with small curvature
revealed that the oscillatory regime can appear depending on
the interplay between the curvature and magnetic field.
For very small magnetic fields, the domain wall position
does not present an oscillatory behavior, and it moves with
velocity linearly increasing with the field. Although nanowires
with larger curvatures present higher average velocities, the
Walker limit appears, and a critical field value in which the
DW velocity abruptly drops is observed. This drop is accom-
panied by the domain wall oscillations along the nanowire
length, which are controlled by magnetic fields. It was also
shown that the maximum DW average velocity increases as a
function of the curvature in such a way that the DW velocity
for a straight nanowire is recovered for small curvatures.
Overall, the results allow the control of the conditions
for domain wall dynamics and, particularly, its oscillatory
behavior. We believe that such control can be very useful for
nanoscale communication applications such as those needed
for future technologies in the Internet of Things.
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